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In this session we will explain the 
very nature of QML models -

the Hilbert space!

QML
 applications

Where is QAI?

Jacob Cybulski, Founder
Enquanted, Australia

http://jacobcybulski.com/


  3 / 18

Who is doing what and where in QML?

BQP: US company 
with Indian roots, with 
a major tech hub in 
Bengaluru. 

Founded in 2020 by 
Abhishek Chopra, Rut 
Lineswala, Jash 
Minocha and Aditya 
Singh.

The company name 
pays homage to the 
Indian physicist 
Satyendra Nath Bose.

 (BosonQ Psi)
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Multilayer Perceptron (MLP)
A class of Neural Network (NN) models

• MLP is capable of learning any “smooth” 
function by associating inputs with outputs

• Other NNs: CNN, AE, GAN, LSTM + QNNs

Bia
s

Neu
ro

nsW
ei

gh
te

d

Con
ne

ct
io

ns

OutputLayer

In
pu

t
La

ye
r

Hid
de

n
La

ye
rs

W
ei

gh
te

d
Sum

Act
iv

at
io

n

Fu
nc

tio
n

w
ith

By using gradient descent, the 
optimum cost (and thus the 
model), was found at:

A=1060 (Lot_Frontage)

B=90000 (Intercept)

MAE=53473.097 (Error)

w1

MAE

optimum weights
at min(MAE)

We can start at any point
 on the cost surface given

 by w1, w2 … and MAE
We then search for

 the optimum model
by walking down the

steepest slope,
this is called:

gradient descent

The optimizer controls this 
process via hyper-parameters,

i.e. parameters of the
gradient descent itself:

learning rate
momentum

decay
epsilon

The cost of each NN 
model is a point in a 
multi-D space of 

weights

w1 x w2 x ... x MAE

All such points form 
a “cost” surface.

The shape of such a 
surface we call the 
cost landscape.

When a model has 
many weights, the 
cost surface is multi-
dimensional and 
called a manifold.

cost
landscape

Now we will look for the best NN model, i.e.
the model which generates the lowest MAE

To find the best m
odel, w

e could 
com

pute all possible m
odels and their 

cost, how
ever this is not feasible - too 

m
any w

eights!

descend with 
momentum

gradient
descend

epsilon
decay

initial
params

LR

Gradients

w2

W
eight
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Parameterized Quantum Circuits (PQC) &
Variational Quantum Algorithms (VQA)

Classical input data is encoded (embedded) into the feature 
map’s parameters, setting the model’s initial quantum state.

Ansatz evolves the quantum state, it consists of paramete-
rised quantum gates, trained by a classic optimiser

The circuit final state is measured and decoded (interpreted) 
as the model’s output in the form of classical data. 

Variational quantum circuits are not executable!
Their input and weight params must be assigned values!

Backpropagation cannot work on quantum machines!

We can create a “variational” model = 
a circuit template with parameterised
gates, e.g. P(a), Ry(a) or Rz(a), each 
allowing rotation of a qubit state in 
x, y or z axis (as per Bloch sphere).

Typically (but now always), such 
circuits consist of three blocks: 

● a feature map (input)
● an ansatz (processing)
● measurements (output)

measurement

Pauli
rotations

Feature Map
State

MeasurementProcessing
Quantum registers

initialised to |0>

Classical registers
with outputs measured as 0 or 1 

Cost
Fun

cost is minimised
during circuit training

Input Parameters

Weight Parameters (Trainable)

Training
Data Set

Classical 
optimiser

decoded measurements 
are matched against 

training data

Feature Map Ansatz

ZZ feature map
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Data
Encoding

Angle encoding

x

z

|1⟩

|0⟩

[-pi..0) [0..+pi]

Ry(+α)

Ry(+β)
y

[0]

+a

-b
Rotation 

relative to |0⟩ initialisation

???

or

or

integer logical

float

variable a

variable b

global cost local cost

Measurements must be 
repeated, collected and 
then can be interpreted in 
many different ways

It is also possible to 
measure mid-circuit, 
however, beware as the 
circuit is no longer unitary 
and not reversible!

Maria Schuld and Francesco Petruccione 
Machine Learning with Quantum Computers. 

2nd ed. Springer, 2021.

samplingsampling

estimation

State
Measurement

Basis encoding

Encoding can be repeated across the 
circuit, which is called data reuploading

The simplest data 
encoding and very 
popular, however, 
little data can be 
encoded at a time, 
you can encode 
only binary values 
per each qubit.

One of the most 
flexible and very 
effective, you can 
encode floating 
point numbers.

What you encode 
depends on your 
intention!

Encoded values:
arccos(0.5)
arccos(0.75)
pi-arccos(0.5)

Many encoding methods, e.g.
basis, angle, amplitude, QRAM, ...
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Ansatz design

feature maps vary in: 
structure and function

ansatze vary in:
● width (qubits #)
● depth (layers #)
● dimensions (param #)
● structure (e.g. funnelling)
● entangling (circular, linear, sca)

ansatz layers consist of: 
rotation blocks and entangling blocks
of U(z, y, z) and CNOT gates

different cost functions:
R2, MAE, MSE, Huber, Poisson, cross-entropy, 
hinge-embedding, Kullback-Leibner divergence

different optimisers:
gradient based (Adam, NAdam and SPSA)

linear approximation methods (COBYLA)
non-linear approximation methods (BFGS)
quantum natural gradient optimiser (QNG)

circuit execution on:
simulators (CPUs), accelerators (GPUs) and

real quantum machines (QPUs)

measurement

Pauli
rotations

rotation gates 
alter qubit states 
around x, y, z 
axes

(entanglement)(rotations)

Beware that 
adding qubits adds

parameters and entanglements!

The number of states represented by the 
circuit grows exponentially with the 

number of qubits!

To execute a circuit we just apply it to input data 
and the optimum parameters

Initial 
state

Data can be reuploaded across circuit’s width and depth

S1 S2Wb1 Wb2 Wa1

U(z,y,z)

Beware that 
adding 1 measurement 

doubles the number of outcomes!

So... having n
measurements leads to

2n outcomes

Final 
state

State evolution across ansatz layers
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What is the Hilbert space?
Example: Consider the following ZZ feature map

P(2ϕ(x)). where:

𝜓0 𝜓1 𝜓2 𝜓3a 𝜓3b 𝜓3c

The Hilbert space is a coordinate system and a space of directions that the state of your model could take during its execution. As it executes it 
leaves a path, a “trail” its state vector follows. Because of entanglement, the state vector is a “complex” arrow and the trail becomes “knotted”. 
Because of Heisenberg uncertainty and noise, each time the model executes, it takes a slightly different path. Trainable parameters allow 
adjusting the direction we take. By varying encoded data and model parameters, all possible paths create a smooth curved surface – a manifold.

We can use a custom 
function ϕ(x), here with 
θ trainable parameter

The story of the Hilbert space, the circuit states, 
the state vector paths and manifolds –

and this is just the beginning...

the final state:

Step 0: Initial State

Step 1: Superposition (Hadamard Gates                    )

Step 2: Phase Gates (adds phase when qubit is in state |1>)

Step 3: Entanglement (CNOT – Phase – CNOT)

3a. First CNOT (Control q0​, Target q1​)

3b. Middle Phase Gate P(2ϕ) on q1​

3c. Second CNOT (Control q0​, Target q1​)
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Parameter space 
(dim = the number of params)
is a classical multi-dim 
space of trainable gate 
parameters, which the 
optimiser navigates

θ2 θ1

Cost /
Fidelity

Local
Minimum

Cost 
Landscape

Optimisation
Path

Parameter 
Space

Hilbert 
Space

Inaccuracy

Real
Solution
(State)

Global
Minimum

Hamiltonian
Problem 

Representation

Optimisers can only
see gradients shaping 

the parameter space

Parameterised 
Quantum Circuit

Nonlocal interactions
(due to entanglements)

Mapping from quantum 
space to parameters 

space loses information!

Evolving model states,
as influenced by unitary

ops and their params

Entanglements twist 
and deform the 
parameter space
creating non-local
interactions

Each point represents 
many models and their 

state evolutions

Model and
its cost

Results and 
gradients are 

calculated here

Results and 
gradients are 

used here

Circuit execution 
takes place here

Gradients

Uncertainty
& Noise

Hilbert state space 
(dim ≈ 2 the number of qubits) 
is the quantum realm 
where the models and 
their states evolve in 
response to unitary 
operations as defined 
by the circuit gates

● Entanglements 
(CNOTs) create non-
separable qubit states, 
which cause non-local 
interactions, and which 
alter the state space 
geometry, and as a 
side-effect, also the 
cost landscape 

Measurement 
of individual qubits 
collapses their states, 
consequently projecting 
the circuit state onto 
classical outcomes, the 
only information 
reaching the optimiser.
In the process we lose 
much of quantum 
information (e.g. phase).

Data encoding 
brings in classical data 
into the Hilbert space as 
unique and correlated 
quantum states during 
the model execution

Circuit layers
determine the evolution 
of the quantum model's 
initial state into its final 
state during the circuit 
execution

Taking the blindfold from
the puppeteer’s eyes

Classical parameters 
The optimiser can only 
manipulate the gate 
parameters but is not 
aware of their action on 
qubits states or their 
correlations via qubit 
entanglements.

Optimisation process
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The curseThe curse
of dimensionality

Cybulski, J.L., Nguyen, T., 2023. “Impact of barren plateaus countermeasures on 
the quantum neural network capacity to learn”, Quantum Inf Processing 22, 442.

45-D space4-D space

optimum
optimum

initial point initial point

Note how distribution of 
pairwise distances between 

points within an n-ball 
concentrates around

the mean as the
dimension increases

cost landscape
surface Barren Plateaus (flattening of the cost landscape)

● All points within a high-D n-ball are near its surface, and 
distances between uniformly distributed points in such an n-ball 
become almost identical.

● In a quantum model with a high-D parameter space, the cost 
landscape is nearly flat, the situation called barren plateau (BP).

● In high-D parameter space, models sampled by the optimiser 
are very sparse in both Hilbert space and parameter space.

● When BPs emerge, the optimiser struggles finding the optimum.
● Selecting the initial optimisation point far from the optimum 

(e.g. random) makes it even more difficult !

There are some well-known BP countermeasures
● use fewer qubits / layers / parameters
● use local cost functions (do not measure all qubits)
● use non-Euclidean metrics (e.g. Fisher Information Metric)
● beware of random params initialisation (and keep them small)
● use BP-resistant model design (e.g. layer-by-layer dev)
● use BP-resistant models (e.g. QCNNs)

Note how
volume (grey) in 

n-ball shrinks to 0
(max n=5)

volume
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Sample Model Training: 
Estimate diabetes progression (data from scikit-learn)

Quantum 
estimator

For PDF of slides and links to GitHub code, see:
https://jacobcybulski.com/  (Presentations menu)

Which estimator is better? 
Which could still improve?

Would this change if we 
were running the model 
training on a quantum 
machine?

Classical 
estimator

Quantum model training

challenge problem:
do this in your own time
in Qiskit or PennyLane
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Quantum model performance:
Scoring a quantum model

● Model training involves an optimizer, training data and a loss function, e.g. L2Loss (MSE).
● However, several metrics may be needed to assess the model performance, 

e.g. MSE, MAE or R2, to be calculated for training, validation and test data partitions.
● At each optimisation step, the model parameters should be saved for model scoring 

on all data partitions (e.g. figure bottom-left).
● However, quantum models are highly sensitive to their parameters initialisation, 

therefore performance of a single model run is not reliable!
● So, we should run multiple, differently initialised, instances of the same model and 

analyse a distribution of their performance results.
● Here we present several (5) instances of the same model identically configured but 

differently initialised (figure bottom-middle).
● Set the model performance expectations by indicating the model’s fit to data, 

depending on it best, median and worst instance performance (figures right).

Mean Square Error (MSE)
for a single model
on both training

and test data

Mean Absolute Error (MAE)
for 5 model instances

on both training
and test data

Best
model’s fit

(in test)

Median
model’s fit

(in test)

Worst
model’s fit

(in test)
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Why are we getting errors?
The reasons we are getting errors (residuals) …

The quantum reasons:
● There are problems with the model/ansatz design

– not expressive enough / too simple, e.g. too few params
– too complex, e.g. too many qubits / layers / params
– does not fit data, e.g. temporal / spacial data

● There are problems with model optimization
– Barren plateaus, i.e. vanishing gradients
– Under / over training, i.e. too few / too many epochs
– Bad initialisation, e.g. random (far from optimum)
– Poor data encoding / lack of reuploading
– Poor observables / measurement strategy
– Poorly selected optimiser / cost function
– Continuous cost (MSE) / nominal score (e.g. accuracy)
– We lose precision / phase on measurement

Classical / other reasons:
● Training data not representative (bad test results)
● Lack of cross-validation (you were lucky / or not)
● Poor data preparation (myth: prep not needed in Q)
● Presence of outliers / anomalies
● Other reasons

Understand your errors
- so, experiment and measure!

Predicted SalePrice vs 
residuals indicate 
significant non-linearity

Lot_Frontage vs residuals – 
no significant non-linearity

Overall_Qual vs residuals – 
small non-linearity

1st_Flr_SF vs 
residuals with 
significant
non-linearity

Can also be 
transformed

Likely due to 
non-linear units

Outliers 
present

1st_Flr_SF Residuals
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Recommended reading
on QML with Qiskit



 15 / 18

Summary and thank you!

Q&A

Enquanted is being somewhere in-between Enchanted and Entangled

Images from Unsplash and Wikipedia

This presentation has been released under the
Creative Commons CC BY-NC-ND license, i.e.

BY: credit must be given to the creator.
NC: Only noncommercial uses of the work are permitted.

ND: No derivatives or adaptations of the work are permitted.

Available resources, see:
ironfrown (Jacob L. Cybulski, Enquanted)

https://github.com/ironfrown/

● QML is an intersection of QC x ML x Maths
● The most common approach to PQC training are VQAs
● Quantum encoding is the key to success (but full of traps)
● Measurement of circuits requires interpretation of results
● Quantum circuit design needs to consider what happens in Hilbert space and 

what the optimizer does in classical parameter space, both are in conflict
● Training of the hybrid quantum-classical circuit relies on 

a classical optimizer, and its execution on a quantum machine
● Backpropagation does not work on quantum machines, due to:

measurement collapse and no-cloning theorem
● Quantum models are highly sensitive to initialisation, so their performance needs 

to be assessed across different model instances
● Dimensionality of Hilbert space and parameter space 

promotes the circuit expressivity, yet, hampers the circuit trainability
● Qiskit QML models utilize PQCs
● Qiskit provides tools for data encoding, ansatz design and measurement
● Qiskit provides powerful runtime framework for training sampling (classification) 

and estimation models, equipped with noise suppression and mitigation tools
● In VQA an optimiser is totally blind to what happens in the Hilbert space
● Still we are able to create and train quantum models!

https://github.com/ironfrown/
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Appendix



  17 / 18

More of who and what ...
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Training a simple
TS Qiskit estimator

fit
training

loop

initial weights

PQC

observablesinput params

weight params gradients

Estimator

Regressor

Optimiser

PQC Creator

meta-params

architecture

loss function Callback

Estimator creates the physical circuit 
using the observables, input parameters 
and weight parameters, and the gradient 
method used in the calculation of 
expectation values. It then executes the 
circuit by relying on a hardware specific 
estimator primitive. It returns the 
calculated expectation values.

Regressor starts with the model’s
 initial weights. It then passes the 

current parameter values (inputs and 
weights) to the Estimator and receives 
back the observed expectation values 

and their gradients, which can be used 
by an optimiser to define the overall 

cost landscape and determine the next 
step in the circuit weights optimisation. 

estimator
primitive

training log

Qiskit Optimiser provides function 
fit which executes a training loop, 
performing: a forward pass which 
applies the model with its current 
parameters to training data, loss 
function, and a backward pass 
to improve the model parameters.

data

Dataset is to be prepared, cleaned and 
partitioned for training and testing.

Parameter 
Space

Hilbert 
Space

Via the Optimiser 
Regressor invokes a 

callback function to log 
the current weights

and cost.

broadcasting layouts

transpilation
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